We show that the Rydberg blockade mechanism, which is well known in the case of s states, can be significantly different for p and d states due to the van der Waals couplings between different Rydberg Zeeman sublevels and the presence of a magnetic-field. We show, in particular, the existence of magic distances corresponding to the laser-excitation of a superposition of doubly excited states.
I. INTRODUCTION
Rydberg states of alkali atoms have remarkable properties [1] including long lifetimes and very high polarizabilities which make them ideally suited to study a plethora of quantum phenomena. Due to the long-range nature of their interactions Rydberg atoms allow, in particular, to study various spin models [2] and also have applications for quantum information processing [3] .
A central property of a laser-excited Rydberg gas is the blockade mechanism [4] : Two non-interacting ground-state atoms can be simultaneously excited with a coherent laser to a Rydberg level. However, when the distance between the atoms becomes smaller than a typical length scale, the blockade radius, the doubly excited state is shifted out of resonance due to the strong interactions between Rydberg levels. This mechanism can be generalized to the case of arbitrarily large number of atoms [5] leading to an effective two-level system -the super-atom -consisting of the state with all atoms in their ground state and the symmetric state with a single Rydberg excitation shared between all atoms. They are coupled with an enhanced Rabi frequency which has been successfully demonstrated in recent experiments [6] [7] [8] [9] [10] .
In typical experimental setups with optical lattices or dipole traps [10] [11] [12] [13] [14] , Rydberg atoms interact via van der Waals (vdW) interactions scaling as ∝ 1/r 6 , with r the interparticle distance. For the familiar case of Rydberg s states these interactions are isotropic which result in a spherical symmetric blockade region. In contrast, for higher angular momentum states, e.g., Rydberg p or d states, these interactions can be strongly anisotropic [15] considering a specific Zeeman sublevel only.
However, in general, the vdW interactions also mix populations in different Zeeman sublevels [16] and the blockade mechanism cannot simply be described by treating the atoms as two-level systems consisting of a ground and a single Rydberg state. For Rydberg s states the strength of the vdW mixing matrix element is much smaller than the diagonal interaction matrix element and this treatment, considering only a single Zeeman sublevel, is sufficient. On the contrary, for Rydberg p and d states the vdW mixing matrix element is of the same order as the diagonal interaction matrix element * benoit.vermersch@uibk.ac.at leading to much more complex blockade dynamics which we will discuss in the following.
Complementary to recent work on spin-spin interactions between ground-state atoms with laser-admixed Rydberg interactions involving p states [17] , we are interested here in the dynamics of an ensemble of atoms, which are excited, resonantly with the bare atomic transition, to a p (or d) Rydberg state, as in a typical Rydberg blockade experiment. The goal of the paper is to give a general theoretical description of the blockade mechanism taking into account the vdW couplings between Zeeman levels but also the anisotropic character of the vdW interactions and the influence of a magneticfield. We show, in particular, that the interplay between the magnetic-field and the vdW interactions leads to the existence of magic distances where the laser can resonantly excite a superposition of doubly excited Rydberg states -even inside the blockade radius. Furthermore, our general treatment allows us to interpret a recent experiment demonstrating the anisotropic Rydberg blockade using D 3/2 states [11] .
Our paper is organized as follows: In Sec. II we illustrate the Rydberg blockade in the presence of vdW coupling for the simplest possible example of two Rydberg P 1/2 states. In Sec. III we generalize our approach to Rydberg P 3/2 and D 3/2 states and provide a theoretical interpretation of the recent experimental results of Barredo et al. [11] . Furthermore, we propose parameters for a magic distance experiment with Rydberg D 3/2 states. Finally, in Sec. IV we describe the consequences of the presence of a magic distance at the manybody level and generalize the concept of a super-atom. In Appendix A we review the properties of the anisotropic vdW interactions whereas in Appendix B we assess the effect of quadrupole-quadrupole interactions. 
Setup: (a) Two atoms (green and violet circles), separated by a distance r and an angle θ with respect to the magnetic-field B (thick black arrow), are laser-excited to the |n 2 P 1/2 , m j = 1 2 and thus can be laser-excited from the ground-state with detunings λ 1 (r) and λ 2 (r), respectively [18] . In the particular configuration of Fig. 1(b) where ∆ B > 0 the state |λ 2 shifts into resonance at a magic distance r 0 and can be resonantly laser-excited even within the blockade radius r b . This will lead to a peak in the average probability of double excitation p 2 (r) sketched in panel (c). In the following section we will derive the position, height and width of this additional peak analytically for nP 1/2 Rydberg states. In Sec. III we generalize our approach to Rydberg P 3/2 and D 3/2 where several Zeeman sublevels are coupled resulting in a multi-peak structure of p 2 (r) shown, for example, in Fig. 7 .
A. Description of the system
We consider the setup shown in Fig. 1 . Two alkali atoms located at positions r i (i = 1, 2) are laser-excited to a particular Rydberg state in the nP 1/2 manifold, which interact via vdW interactions H V (r), where r = r 2 − r 1 . Our goal is to study the competition between the laser excitation and the vdW interactions as in a typical Rydberg blockade situation. As a particular example we consider Rubidium atoms initially in their electronic ground state, which we choose as |g ≡ |5 
. The presence of the magnetic-field B = Bz gives rise to a Zeeman splitting of the Rydberg energy levels described by the Hamiltonian
where ω nP 1/2 is the energy of the transition between the ground state |g and the Rydberg states |m j in the absence of magnetic field. With ∆E m j ≡ µ B g j Bm j , we denote the Rydberg Zeeman shift where µ B = 1.4 h MHz/G is the Bohr magneton and g j is the Landé Factor for the Rydberg level. Finally, ∆E g ≡ µ B g F Bm F , with g F the ground state Landé Factor, is the ground-state Zeeman shift. We note that the value of the magnetic field is chosen sufficiently small to neglect higher order Zeeman effects. Furthermore, the Zeeman shifts ∆E m j should be much smaller than the fine structure splitting ∆ fs (typically several GHz for n = 30−40) to neglect couplings between fine structure manifolds (Paschen-Back effect). We now consider excitation of the Rydberg level | 1 2 from the ground-state |g with a laser propagating along the direction of the magnetic-field k L = k L z with left circular polarization. In the rotating wave approximation, the resulting Hamiltonian is
with ω L the laser frequency and Ω = − g|ε.d| 1 2 E/ the Rabi frequency. Here E is the electric-field field amplitude, its polarization (σ − here) and d is the dipole operator. In the rotating frame and absorbing the phase e ik L .r i term in the definition of |g i , the single-particle Hamiltonian H
reduces to
where the laser frequency ω L = ω nP 1/2 + (∆E −1/2 − ∆E g )/ is chosen to be in resonance with the atomic transition and the Zeeman splitting is ∆ B = ∆E −1/2 − ∆E 1/2 .
The two Rydberg atoms interact dominantly via dipoledipole interactions. At large distances and away from Förster resonances [3] these interactions can be treated perturbatively leading to the vdW Hamiltonian H V [16, 17] . We describe in detail the derivation of H V in the various Rydberg finestructure manifolds in Appendix A. Here, we are interested in nP 1/2 Rydberg states where
consists of a diagonal, isotropic, part, with I the 4 × 4 identity matrix, and an anisotropic, non-diagonal, part
written here in the basis (| 1 2 ,
2 ) with the notation |m 1 , m 2 ≡ |m 1 1 ⊗ |m 2 2 . Here, r = |r 1 − r 2 | and θ = ∠(r, B) is the angle between the relative vector and the magnetic field. The prefactors u 0 , c [given by Eq. (A6) and (A7), respectively] are generalized vdW coefficients. We note that this interaction Hamiltonian neglects the couplings to the neighboring P 3/2 Rydberg manifold and is therefore only valid for distances r larger than a typical length scale r = (∆ fs /u 0 ) 1/6 . The first term of (5) corresponds to the diagonal part of the interactions, and does not depend on the angle θ, thus representing the typical and well-known vdW potential ∝ 1/r 6 . The second term includes anisotropic diagonal matrix elements as well as couplings between the different m j levels. The values of u 0 and c are shown in Fig. 2 for Rubidium P 1/2 states. They are of the same order of magnitude so that one can expect the anisotropic characters of the interactions and the vdW couplings to have a significant impact on the dynamics. We note that considering S 1/2 states, H V can be written in the same form as (5) . However, the existence of the coupling term c is in this case only due to the fine-structure splitting of the neighboring p Rydberg levels [see (A6)] so that its value is negligible compared to u 0 .
We also emphasize that the eigenvalues of (5) which correspond to the Born-Oppenheimer potential curves of the vdW interactions are isotropic, i.e do not depend on the angle θ. However, in the presence of the magnetic-field along the axis z, the Zeeman shift between the m j levels leads to anisotropic interactions.
In the limiting case θ = 0, as a consequence of the conservation of the total angular momentum, the doubly excited states | 
with u ≡ u 0 − c. In the following, we consider this particular orientation as it corresponds to the simplest configuration with vdW couplings. . u 0 , u and c as a function of the principal quantum number n for Rubidium P 1/2 states. In contrast to S 1/2 states, the coupling term has the same order of magnitude as the diagonal terms for P 1/2 states.
Our goal is now to study the dynamics of the system modeled by the Hamiltonian
considering an initial state |Ψ(t = 0) = |g, g . We note that the forces corresponding to vdW interactions are responsible for mechanical effects [20, 21] . Our model (7), which neglects the motion of the atoms but also the spontaneous decay of the Rydberg level and black body transitions is therefore only valid in the frozen gas regime [2] corresponding to short time scales, typically tens of micro seconds [22] . In the next subsection, we also comment on the possible influence of mechanical effects for our particular system. For symmetry reasons, the dynamics is restricted to four states |g, g , |g, 
In order to estimate the influence of the coupling c on the efficiency of the blockade mechanism, we are interested in the value of the average probability of double excitation
(9) In order to solve the dynamics and as presented in [16] in the absence of a magnetic-field, we now prediagonalize the Hamiltonian in the doubly-excited subspace:
written in the basis |g, g , |g, 1 2 },|λ 1 ,|λ 2 where the vdW eigenstates
with tan[2φ(r)] = c/(r 6 ∆ B ) are directly coupled to the singly laser-excited state |g, 1 2 } with space-dependent Rabi frequencies
and have an energy
We illustrate the four level structure associated to the Hamiltonian (10) in Fig. 1(b) . The advantage of this representation is that one can directly infer from the values of Ω 1,2 and λ 1,2 whether the doubly excited state manifold can be populated. One can notice that in the limit of small distances r → 0, the doubly excited states are energetically excluded from the dynamics whereas the state | This representation also illustrates the existence of a magic distance at r = r 0 at which the Zeeman shift compensates the vdW interactions resulting in a non-interacting vdW eigenstate |λ 2 : λ 2 (r 0 ) = 0. Around this distance, the double excitation probability p 2 (r) will exhibit a resonance peak similar to the anti-blockade effect [23] with the crucial difference that the non-interacting vdW eigenstate |λ 2 which is excited is a superposition of the two doubly excited states | B. Properties at the magic distance r 0
We now describe the magic distance peak and show that it can be observed experimentally. First, its position, the magic distance r 0 , corresponds to a zero of one vdW eigenstate: λ i (r 0 ) = 0 which leads to:
with α = c 2 /u 2 . We note, that this solution only exists if
which illustrates the fact that the magic distance only exists when the magnetic-field competes with the vdW interactions (∆ B and B have opposite signs). In the following, we consider that the orientation of the magnetic-field sgn(B) is chosen to satisfy the condition (17) and derive analytical expressions describing the magic distance peak. From Eq. (16), one can notice that the magic distance r 0 , depends on the value of the Zeeman shift ∆ B : For small magnetic-fields, r 0 is larger than the blockade radius r b ≡ (u/ Ω) 1/6 so that we expect the emergence of a peak in the non-blocked region. However, for large magnetic-fields, the magic distance leads to the formation of a peak in the supposedly blocked region, i.e. r 0 < r b .
Let us first describe the case r 0 < r b as the behavior of the system is in total contradiction with the standard blockade criterion, i.e. r < r b =⇒ p 2 (r) → 0 [3] . In this regime, which corresponds to the situation shown in Fig. 1(b) , we can assume that around r = r 0 only the vdW eigenstate
whose eigenvalueλ vanishes at the magic distance: λ(r 0 ) = 0, can be populated whereas the other vdW eigenstate is energetically excluded. Using the relation
we then obtain the peak height
The analytical expression Eq. (19) illustrates the key role of the vdW coupling c in the magic distance phenomenon. Considering P 1/2 states, α is typically of the order of unity (see for example Fig. 2 for Rubidium atoms) so that the peak height p 2 (r 0 ) is significant. We also note that the value of p 2 (r 0 ) is independent of the magnetic-field.
We are now interested in the value of the peak width ∆r associated to the range of distances (r) where |λ can be populated. This quantity allows us to assess the importance of localization effects: In order to be observed, the peak width ∆r should be larger than the uncertainty δr in the distance r between the atoms. We estimate the value of ∆r by considering that |λ can be populated if its energyλ is in the excitation bandwidth [− Ω, Ω]:
The value of the derivativeλ (r 0 ) allows therefore to estimate the possibility to observe the magic distance peak. Using Eqs. (16) and. (21), we note that the width ∆r scales as B −7/6 : For very large magnetic-fields corresponding to r 0 r b , the peak becomes narrow so that it might be difficult to observe it experimentally. However, in the limit of small magnetic-fields where r 0 r b , ∆r can be larger than the uncertainty δr and can be therefore experimentally resolved. We also note that, as the Rydberg atoms are not trapped, the vdW force F = λ 1 (r 0 ) at the magic distance may induce mechanical effects [21] . However, as in the case of the peak width, the strength of this force can be controlled via the value of the magnetic-field.
In order to be more specific about the feasibility of a magic distance experiment, we now consider the example of Rubidium atoms. In this case, the diagonal element of the vdW interactions u is always negative whereas α is smaller than 1 for n < 43 and larger otherwise [see Fig. 2 ]. Consequently, the magic distance r 0 exists for ∆ B < 0 (B > 0) if n < 43 and (17)]. We represent in Fig. 3 (a) the probability of double excitation, obtained numerically, as a function of the distance r for n = 40, Ω/(2π) = 0.2 MHz and B = 0.2 G.The doubly excited states are blocked at small distances, and the limit p 2 ≈ 3/8 obtained at large distances corresponds to the non-interacting limit. In contrast to a situation without the vdW coupling, obtained artificially by setting c = 0, the value of p 2 is not monotonous as around the magic distance r 0 = 1.85 µm [Eq. (16)], a peak emerges illustrating the crucial impact of the vdW coupling c on the Rydberg blockade. Its height p 2 (r 0 ) = 0.3 and width ∆r ∼ 0.7 µm are in good agreement with the analytical expressions Eqs. (19) and (20) . Furthermore, the peak width ∆r is larger than the uncertainty δr for typical experimental setups [10] [11] [12] [13] [14] whereas the characteristic length scalẽ δr ∼ FT 2 /(2µ) ∼ 0.07µm (T = 2π/Ω is the typical time of the experiment and µ is the reduced mass of the atomic pair) corresponding to the vdW force is negligible compared to ∆r. Consequently, for these parameters, the magic distance peak is accessible within state-of-the-art experiments. We note that, in this example, α = 0.95 is close to 1 so that the derivativẽ λ (r 0 ) associated to the width of the peak and the vdW force is strongly reduced compared to an anti-blockade configuration whereλ (r 0 ) = −6u/r 7 0 , [see Eq. (21)]. The possibility to observe the magic distance peak is however not restricted to a particular value of α: Considering for example a larger value of the principal quantum number n = 70 with α = 1.5, and B = −0.5 G [ Fig. 3(b) ], we find ∆r ∼ 1 µm δr and δr ∼ 0.05 µm ∆r.
The expressions (19), (20) and (21) were derived assuming that the peak emerges in the usually blocked region r 0 < r b . Let us now for the sake of completeness describe the limit of very small magnetic-fields leading to r 0 > r b . Around the magic distance r 0 , |λ 1 , |λ 2 can in this case be excited simultaneously. The resulting probability of double excitation, Fig. 3 . The peak appears at large distance r > r 0 , r b and the analytical expression (22) [black dash-dotted line] correctly describes its emergence from the non-interacting limit r → ∞.
which can exceed the non-interaction limit 3/8, is obtained in the limit Ω u/r 6 , c/r 6 , ∆ B from first-order perturbation theory
which shows in particular that p 2 (r) ≤ 0.5. An example of this situation is shown in Fig. 4 for n = 40 and B = 2 mG. The doubly excited states are blocked at small distances, and the limit p 2 ≈ 3/8 obtained at large distances corresponds to the non-interacting limit. The peak emerges in this situation around r ≈ 4 − 6 µm and is well described by the analytical expression Eq. (22) (black dash-dotted line) for r > r 0 . The width of this peak is in this example several microns, which shows that for a such small magnetic-field the effect of the vdW coupling on the dynamics is dominant.
C. The effective potential as a blockade criterion
The peak corresponding to a magic distance r 0 is due to the vdW coupling c [see Eq. (19)] and is therefore a feature which goes beyond the usual Rydberg blockade. However, it is useful to define a generalized Rydberg blockade criterion that would allow one to determine directly from the values of the parameters whether the system is Rydberg blocked, replacing the usual criterion r < r b . To do so and following the method of [16] given in the absence of a magnetic-field, we consider the partially blocked regime |λ 1,2 | Ω and eliminate adiabatically the doubly excited states to obtain:
This expression is indeed very instructive as the comparison with the value 2 Ω 2 /2V 2 eff obtained from an effective usual Rydberg blockade Hamiltonian
allows to define an effective potential
The effective potential summarizes the interplay between the vdW interactions and the magnetic-field and is particularly useful to know whether the system is blocked, the criterion |V eff | > Ω replacing the usual blockade criterion r < r b . Moreover, even if its expression was derived in the partially blocked regime, the effective potential approach correctly describes the dynamics in the non-interacting limit r → ∞ as in this case V eff → 0. Finally, this quantity was recently measured experimentally [11] , giving us a starting point to assess the relevance of our work, see next section. Finally, from Eq. (25), one can immediately notice that the zero of the effective potential indeed corresponds to the magic distance r 0 . However, this approach cannot described properly the resulting peak p 2 (r 0 ). This is shown in Fig. 3(a) ,(b) and 4 where the green dashed representing the effective approach allows to know whether the system is blocked or not but does not describe correctly the peak formed around r 0 .
III. GENERALIZATION TO OTHER ANGULAR MOMENTUM STATES
The approach we used in the previous section to study the blockade dynamics in the particular configuration θ = π/2 for P 1/2 states can be generalized to any fine-structure manifold (S 1/2 , P 1/2 , P 3/2 , D 3/2 , ...) and any angle θ. In general, the vdW interactions within a given Zeeman manifold of Rydberg states can we written as (see App.A)
where we used the notation
The matrix V αβ;γδ (r, θ), which has dimension (2 j + 1) 2 , accounts for the diagonal interactions and vdW couplings between the Zeeman sublevels. In the particular case of θ = 0 the matrix has block structure because of the conservation of the total angular momentum M = m α + m β = m γ + m δ . For arbitrary angle θ the total angular momentum M can change by 0, ±1, ±2 units.
In the remainder of this section we investigate P 3/2 and D 3/2 Rydberg manifolds with j = 3/2 and interpret a recent experiment performed in Palaiseau [11] and a magnetic field pointing in the positive z direction, i.e. B · z > 0. In panel (a) corresponding to the experimental setup [11] , the Zeeman splitting does not compete with the attractive vdW interactions so that there is no magic distance. In contrast, in panel (b), a laser excitation to |m j = 3 2 with the same magnetic field gives rise to a set a magic distances r , we can reduce the basis to 10 states. Therefore, the two vdW eigenstates |λ 1 , |λ 2 for P 1/2 states of the previous section are simply replaced by a set of vdW eigenstates {|λ i } 10 i=1 of the vdW Hamiltonian of Eq. (26) . For a particular magnetic field direction and a given angle θ, these 10 eigenstates will lead to a set of magic distances {r i }, illustrated in Fig. 5 , and consequently to a multi-peak structure of the Rydberg excitation probability (see Fig. 7) . These eigenstates are then used to derive an effective potential which can predict the behavior of the system apart from its zeros, which are the magic distances.
As an illustration, let us now analyze how one can understand the recent experimental demonstration of anisotropic Rydberg blockade [11] which were obtained using a laser excitation to the Rydberg state |82 2 D 3/2 , m j = 3 2 ≡ | 3 2 , with two atoms separated by a distance r = 12 µm and an arbitrary angle θ with respect to the magnetic-field B = Bz with B = 3 G. Following the method introduced in the previous section, we diagonalize the total Hamiltonian H in the subspace formed by the doubly excited states and obtain 10 vdW eigenstates |λ i with Rabi frequencies 2 and the other doubly excited states is negative, this configuration does not allow for magic distances. Consequently, the competition between the vdW interactions and the magnetic-field can be described by an effective potential:
We note that by following this approach we neglect the excitation of the singly excited states which can only be excited from the pair states (for example the excitation of |g,
2 ). However, we checked numerically that their effect is negligible in this situation.
We now compare in Fig. 6(a) , the probability of double excitation p 2 (θ) obtained by the effective potential approach and by the full Hamiltonian, for the experimental value of the Rabi frequency Ω/(2π) = 0.8 MHz. The system is in this case in the partially blocked regime p 2 < 0.2 and the result obtained with the effective potential is in good agreement with the exact result. This allows us to compare the theoretical value of the effective potential to the corresponding experimental quantity obtained by fitting the dynamics with an effective Hamiltonian [11] . The result is shown in Fig. 6(b) : The blue dotted line corresponds to the naive diagonal element V rr ≡ of the vdW Hamiltonian and clearly disagrees with the experimental results. The green dashed line represents the effective potential calculated from the theoretical value of the vdW coefficients, defined in App. A. Finally, we obtained the red solid line using an experimental correction for these coefficients which is obtained for θ = 0 as there is no vdW coupling in this case (the small discrepancy between experimental and theoretical values at θ = 0 was already noticed in [24] and attributed to mechanical effects [21] ). The green curve captures the qualitative influence of the mixing between Rydberg states whereas the red curve gives a quantitative agreement. These results confirm the relevance of our approach in a situation where the influence of the vdW coupling is not very significant as illustrated by the small difference between the naive and the effective potential in Fig. 6(b) .
Let us now investigate the case of a laser-excitation to the Rydberg state | 3 2 , represented schematically in Fig. 5(b) . In this situation, the magnetic-field competes with the attractive vdW interactions leading to the existence of a set of magic distances. The corresponding effective potential is shown in Fig. 7(a) as a function of r and θ, where its zeros correspond to the positions of the magic distances as a function of θ. Except for θ = 0 where there is no vdW coupling, this situation leads to the existence of up to 9 magic distances. We represent in panel (b), the probability p 2 (r) of double excitation for θ = π 2 showing the emergence of a peak around each of these magic distances. Furthermore, in order to minimize localization and mechanical effects, the position of the magic distances and the width of the corresponding peaks can be increased by applying a smaller magnetic-field (this behavior can be understood graphically with Fig.8(b) , the width of the peaks being related to the slope of the energy levels where they cross the zeroenergy line, see also Sec. II).
IV. MANY-BODY EFFECTS AT THE MAGIC DISTANCE
Now that we have characterized the behavior of the system at the magic distance for two atoms and have shown in particular that the resulting peak can be observed with Rydberg p, d states, and in many geometric configurations, let us investigate the many-body scenario. In the absence of vdW coupling c, the Rydberg blockade mechanism is responsible for the excitation of a super-atom, which corresponds to a superposition of singly excited states with a collective enhancement of the light-atom coupling [2, 5] . We now show that at the magic distance, the many-body dynamics results in the collective excitation of a superposition of pair states, generalizing the concept of super-atom. In order to understand the many-body dynamics associated to the magic distance phenomenon, it is instructive to first consider 4 atoms (i = 1, 2, 3, 4) placed at the corners of a square of side r 0 [see Fig. 8(a) ] and laser-excited to a P 1/2 Rydberg state | 1 2 . The direction of the magnetic-field is perpendicular to the plane formed by the square so that for all pairs of atoms, the angle θ is fixed to π/2 whereas the value of the magneticfield is adjusted to fulfill the condition r 0 < r b . According to the results of Sec. II, for each pair of atoms (i, j) separated by r 0 , there is a non-interacting vdW eigenstate |λ (i, j) . However, the double pair states such as |λ (1, 2) ⊗ |λ (3, 4) (shown schematically in Fig. 8(a) ) are not vdW eigenstates of the total interaction Hamiltonian and are therefore energetically excluded from the dynamics [25] . Consequently, considering . The positions of the magic distances correspond to the blue lines. (b) Corresponding probability of double excitation for θ = π/2, illustrating the emergence of the peaks around the magic distances. The graphical conventions are defined in Fig. 3. that initially all atoms are in the ground-state |g and given the symmetries of the problem, the dynamics is restricted to three states: The initial state |ψ g = |g ... g , the familiar superatom state |ψ s = 1 2 i |g ... 
The above discussion can be easily extended to the case of an arbitrary large number of atoms N, which is shown schematically in Fig. 8(b) . First, as in the super-atom model [2] , we can describe the many-body dynamics dividing the system into an ensemble of blockade spheres of radius r b , which evolve independently. Second, as shown in the case of four atoms, inside each blockade sphere two non-interacting vdW states cannot be excited simultaneously and the dynamics is restricted to three symmetric states:
where |ψ g is the initial state, |ψ s is the super-atom state with N b the number of atoms in the blockade sphere and |ψ p is the "super pair state" which is the coherent superposition of the M b non-interacting vdW eigenstates formed at the magic distance inside the blockade sphere. The many-body Hamiltonian associated to our three-state model reduces to
. This Hamiltonian describes the collective enhancement of the light-atom coupling by the vdW interactions. Considering |Ψ(t = 0) = |ψ g , we can write the wave function at any time t:
with the enhanced Rabi frequency:
In the absence of vdW coupling (α = 0), the value of the coupling to the super pair state |ψ p vanishes and we obtain the familiar super-atom limit. However, with P 1/2 states, α is of the order of unity so that the existence of the magic distance is responsible for the excitation of the super pair state. We emphasize that the strength of the coupling to the super pair state depends on the number of magic distances M b per blockade sphere and thus on the geometric arrangement of the atoms. In a "lattice configuration" where the width ∆r of the magic distance peak is smaller than the lattice spacing a [ Fig.8(b) ], can takes significant value when the magic distance r 0 is commensurate with the lattice and is negligible otherwise. In the limit where the width ∆r is larger than the typical inter-atomic distance a, the value of , which can be obtained in the continuum limit, becomes proportional to ∆r and can be easily controlled via the magnetic-field.
Our three-state model shows the main effect of the magic distance at the many-body level, which is a collective excitation of the super pair state directly related to the geometric arrangement of the atoms. However, this model only gives a first approximation of the dynamics because it neglects the influence of finite-size effects [26] . In order to estimate these effects, we now study numerically the dynamics of a small system of 6 atoms placed on a 1D chain where the value of the magnetic-field is adjusted to satisfy: r 0 (B) = a > ∆ r . Fig. 8 shows the time-evolution of the super pair fraction f p which is defined here as the probability to have two neighboring sites simultaneously excited. As predicted by our model, the super pair fraction oscillates with a frequency and a mean value which depends on the lattice spacing a, the progressive attenuation of the oscillations being due to finite-size effects. As the value of the lattice spacing a decreases, we note that the frequency of the oscillations increases while the corresponding amplitude is reduced. This is in agreement with the prediction of our model [Eq. (30) ] as the number of atoms N b per blockade sphere scales as a −1 whereas the geometric factor 2 ∝ M b /N b does not vary significantly when the value of a changes.
We have therefore successfully generalized the concept of super-atom in presence of a magic distance. Due to the presence of a non interacting vdW eigenstate, the doubly excited states can be populated with an enhanced Rabi frequency Ω s which depends on the number of atoms N b per blockade sphere but also on the spatial distribution of the atoms via the geometric factor 2 .
V. CONCLUSION
In summary, in this paper we have described the effect of the vdW couplings with p and d Rydberg states and generalized the fruitful concept of Rydberg blockade. We have discussed the existence and have analyzed the properties of magic distances, and their effect on many body quantum dynamics. In particular, our three-state model introduces the key features of the magic distance at the many body level and points to a more detailed investigation regarding its consequences on the quantum simulation of many-body systems, such as, for example, the crystallization of Rydberg excitations in optical lattices [12, 27] or the statistical properties of these excitations in atomic clouds [28, 29] .
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Appendix A: Anisotropic van der Waals Hamiltonians
General considerations
We present here the properties of the vdW interactions [16] and diagonalize the corresponding Hamiltonian to generalize the results of [30] . We focus on distances comparable to the usual blockade Radius for which interactions are in the MHz regime, that is to say much smaller than the fine-structure splitting. We also do not consider the case of a Förster resonance [3] : as a consequence, interactions are ruled by vdW interactions and the atoms are characterized by the same first three quantum numbers n, , j. Within these two assumptions, we can treat the dipole-dipole operator in second-order perturbation theory and obtain the interaction Hamiltonian in the fine-structure basis (|m α , m β )
with
The channel i refers to the second and third quantum number ( s , j s ) and ( t , j t ) of the intermediary states, the corresponding vdW coefficient C where the radial matrix elements R are calculated using model potentials [31] combined with spectroscopy measurements [32, 33] and δ α,β is the Förster defect [3] . The matrices D i describe the angular dependent part: Its (2 j+1) 2 matrix elements depend explicitly on θ, the angle between the quantization and the molecular axis:
where M i describes the angular momentum dependence of the dipole-dipole operator:
In the case of the P 1/2 and S 1/2 states, the vdW matrix is written in the basis | Table I whereas the dimensionless channel i l s j s l t j t for S 1/2 states l s j s l t j t for P 1/2 states 1 matrices D i can be written in the form:
sin 2θ sin 2θ −2 sin 2 θ sin 2θ cos 2θ + 
(A7)
The values of u 0 , u = u 0 − c and c used in the main text are shown in Fig. 2 for Rubidium P 1/2 states. In contrast to S 1/2 states where the vdW coupling is negligible |c| |u|, the three terms are of the same order of magnitude. It is also particularly instructive to diagonalize the vdW Hamiltonian to know for example whether interactions are attractive or repulsive. The easiest way to do it is to consider the basis where the quantization axis aligned with the directions of the atoms (θ = 0). We can get then the expression of the eigenstates for an arbitrary θ with an appropriate change of basis. The eigenvalues are
with the corresponding eigenstates
(A13)
The state |λ 0 could be seen as a "Förster zero" [34] as the first channel does not contribute to its energy. λ 0 is indeed of the same order of magnitude as the other energies as shown in Fig. 9 representing the distance-independent term r 6 λ i for S 1/2 state (a) and P 1/2 states (b), as a function of the principal quantum number n. For S 1/2 states, the energies are almost degenerate whereas P 1/2 states represent a promising option to study effects which go beyond the usual blockade picture as the eigenenergies are different and do not even have the same sign for n > 42. of block corresponding to each value of total angular momentum M = m α + m β . The symmetry of the problem with respect to the transformation |m α , m β → | m α , m β allows us to restrict the study to the case M ≥ 0. Its means in particular that the eigenvalues associated to M > 0 are degenerate. As for j = 1/2 states , the eigenstates for arbitrary θ are obtained by the appropriate change of basis.
In order to show that the vdW interactions are dominant for the range of parameters considered in this work, we now calculate the second term of the multipole expansion corresponding to quadrupole-quadrupole interactions. In a fine-structure manifold (n, , j), the matrix elements of the quadrupolequadrupole Hamiltonian can be written in the form [35] 
with C 5 = n, , j|r 2 |n, , j 2 is the radial part and D 22 the angular part.
The selection rules of the quadrupole-quadrupole operator impose j ≥ 1 [35] , i.e there are no quadrupole-quadrupole interactions with S 1/2 and P 1/2 states. We now consider the case of P 3/2 and D 3/2 states. The eigenstates of H 5 can be classified in the case θ = 0 by values of M = m 1 + m 2 . There are given for M ≥ 0 in Tab. III while the C 5 coefficient, is shown in Fig. 12 . Our values, calculated from the model potential [31] , including spin-orbit effects are in good agreement with previous calculations [30] . For the parameters of [11] the C 5 coefficient is 30.5 GHz µm 5 . Given that C 6 = −8860 GHz µm 6 and for distances of the order of a few micrometers, the quadrupole-quadrupole interactions are therefore negligible. 
